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Abstract 

In this paper, using an exponential function of intensity of radiation field, two 
new classes of nonlinear coherent states will be constructed. For the first class, 
we choose the nonlinearity function as fp{n) = exp(/3n), where f3 characterizes 
the strength of the nonlinearity of the quantum system. We show that, the cor- 
responding /3-states possess a collection of non-classicality features, only for the 
particular values of /3 and z. But, interestingly there exists finite (threshold) val- 
ues of /?, for which all of the non-classicality signs will disappear, in appropriate 
regions around the origin of the complex plane (z < \Z\). It is then illustrated 
that, using this threshold (or greater) value of f3, the corresponding /3-states behave 
very similar to canonical coherent states, as the most classical quantum states, in 
approximately whole of the space. In the continuation, we motivate to find another 
class of nonlinear coherent states, limited to a unit disk centered at the origin, look- 
ing like the canonical coherent states in behavior, in exactly the whole range of 
\z\ < 1. This purpose also will be achieved by considering the nonlinearity func- 
tion as f\(n) = exp(A/n)/y / n, where A is a tunable nonlinearity parameter. The 
canonical coherent state's aspects of the corresponding A-states will be refreshed, in 
particular cases, working with a threshold (or greater) value of A. 

Keywords: Nonlinear coherent state, Nonclassical state, Canonical coherent state. 
PACS: 42.50.Dv 



1 Introduction 

For a single mode radiation field, the canonical coherent state \z) ccs is obtained by the 
action of the displacement operator on the vacuum, 

\z) ccs = D(z)\0) = exp^ - z*a)\0), (1) 
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or from the right eigenstate of annihilation operator a\z) ccs = z\z) ccs , where zeC and a, 
a) are respectively the standard bosonic annihilation, creation operators with canonical 
commutation relation [a, a)] = I. The expansion of these states in the Fock space is 
written as follows: 



k) cc , = e-l 2 l 2 / 2 V^= \n), zeC, (2) 

where the set {|^)}^L is the number states of the quantized harmonic oscillator Hamil- 
tonian 

H = a<a+-. (3) 

With respect to these sets of states photon statistics is Poissonian and the uncertainties 
in the two quadrature components are minimum, equal to the uncertainty of a vacuum of 
the radiation of field. 

Many attempts have been made on the generalization of these states to find the non- 
classicality signatures. The motivation of the authors is mainly due to the increasing 
usefulness of coherent states in various branches of physics, from quantum optics (which 
the coherent states lie in it's core) and sensitive measurements, to foundations of quan- 
tum mechanics as well as other fields of physics [1] [2j [3J III [5J EJ [7] . In such a vast field of 
work, "nonlinear" or "f -deformed" coherent states as an algebraic generalization of coher- 
ent states have attracted much attention in recent two decades (for two most important 
pioneer papers see [3 E]). Any class of nonlinear coherent states is characterized by a par- 
ticular nonlinearity function f(n). In this context, it has been proved that g-deformation 
can be identified in terms of /-nonlinearity by exponential functions as [9] 



, , . /sinh7n / - e~T n . , A . 

fq{n) = \ — r-r— = \ —rz zrr, 7 = lng, (4) 

y n sinn 7 y n(e 7 — e 7 J 

provided that f q (0) = 1, 1 < q < oo and 7 G R. 

It has been recently shown that, nonlinear coherent states are useful in the description 
of the center of mass motion of a trapped ion [Bj. Various applications of these states 
can be found in the literature (as some interesting recent works see [TQj, [H]). There are 
so many generalized coherent states which can be classified in this category with special 
nonlinearity functions [T2l [T3]. Generally, unlike the canonical coherent states ([2]), the 
nonlinear coherent states exhibit some fascinating "non-classical features" as follows: (i) 
quadrature squeezing [H] , (ii) second order squeezing [T5l [16] (iii) sub-Poissonian statis- 
tics pTl [18] (iv) antibunching effect [19], (v) negativity of Wigner function in parts of 
the phase space [20J (vi) negativity of A 3 parameter [21] and (vii) oscillatory number dis- 
tribution. This collection of criteria, are widely used in the literature, discussing on the 
non-classicality of quantum states. Only one of the above properties is sufficient (not 
necessary) to establish the non-classicality of a state. 
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Based on these frequently observations, the notion of "nonlinear coherent state" is 
generally considered to be synonym with the "non-classical states". This is not a strange 
conclusion, since to the best of our knowledge no exception has been reported up to now. 
Altogether, a question may naturally be arisen: is there any class of nonlinear coherent 
states with a specific decomposition in the Fock space, i.e., a particular f(n), which fails 
(or at least weaken) the latter conclusion? The main goal of the present contribution 
is to answer this question. Along achieving the purpose of paper, one should search for 
a " nonlinearity function" which the corresponding "coherent states" show neither of the 
usual non-classicality signs. As we will observe, in fact there exists such functions. In 
addition, we will illustrate that how the "nonlinear coherent states" associated with the 
introduced nonlinearity functions, interestingly behave very similar to "canonical coherent 
states", as the particular states lie between "classical" and "non-classical" states. We first 
conjecture the appropriate case with considering the exponential nonlinearity function 



where ft is an arbitrary tunable parameter, which characterizes the nonlinearity strength 
of the states. As we will demonstrate in the continuation (see definition (19) of the present 
paper), the corresponding nonlinear coherent states are defined in the whole space; i.e., 
z G C. Then, a particular physical realization of the nonlinear coherent states associated 
to (jSJ), which has been called by us as ft- nonlinear coherent states (or briefly /3-states), 
will be deduced. Clearly ft = (or / = 1) recovers the canonical coherent state in (J2J), 
which is known as "the most classical quantum state". At first sight on the nonlinearity 
function in (jSJ), it may be expected that varying the value of ft from (the standard 
coherent states) results in growing up the nonlinearity strength and consequently the 
non-classicality exhibition of the /3-states. But, while this will be occurred for some 
relatively low values of ft, surprisingly according to our numerical results, this is not 
so for intermediate and large values of /3(high nonlinearities) . As we will show via the 
computational calculations, the behavior of the introduced ft— states is very close to the 
canonical coherent states in main features: Poissonian photon statistics, no antibunching 
and squeezing exhibition (first and second order) for some critical values of ft in the 
relevant regions with z > \Z\. We continue the examination of our results by evaluation 
of the Wigner function and A3 parameter, too. We do not pay attention to the oscillatory 
number distribution of the introduced states, since it does not occur for them. Actually, 
there exists finite values of ft for which the /3-states are canonical-like coherent states in 
a relatively wide interval of \z\, may be approximated by the whole of the space. 

In the continuation of the paper, we motivate to search for a nonlinearity function 
whose the corresponding coherent states show "the most classical features" in the whole 
range of the domain z. If we successfully find this, it will be different essentially from 
previous /3-states. As a matter of fact, we will observe that this purpose also will be 




(5) 
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achieved by considering the nonlinearity function as 



p \/n 

/» = ^, (6) 

where A is a tunable parameter. It must be noticed that, the corresponding nonlinear 
coherent states are restricted to a unit disk centered at the origin (see definition (19) 
of the present paper). This fact makes a possible opportunity for us to check the non- 
classicality signatures in the whole range of \z\ < 1, numerically. One may recognize 
that, the special case A = (or f{n) = l/\/n) in ([6]) recovers the "harmonious states", 
previously introduced by Sudarshan in [22], whose domain is limited to the unit disk 
around the origin. We will demonstrate that, all of the mentioned criteria in the collection 
of non-classicality signs also disappear, for the A-states in the whole of the relevant space, 
when A becomes greater than a threshold value. 

At this stage it is worth noticing that the so-called " Shrodinger cat states" are given 
by M{\z) ccs ± | — z) ccs ) have Poissonian statistics and no squeezing when \z\ 3> 1, mean- 
while they show strong photon number oscillations. Also, "non-coherent states" recently 
introduced in [23] have Poissonian statistics, but they exhibit squeezing in one of the 
quadratures. As a result, both of the latter cases have been found in the earlier works are 
indeed non-classical states, since only one of the non-classicality signs may not be seen, 
while some others remain present. But, the main important feature of our /-deformed 
states, will be introduced in the paper, is that they show neither of the mentioned non- 
classical properties, when (3 or A are given the critical (or greater) values, appropriately. 
In other words, considering the collection of mentioned non-classicality criteria, we pro- 
posed new classes of "nonlinear coherent states" possessing "the most classical features" 
and so "the least nonclassical features", at the level of "canonical coherent states". 



2 Non-classicality criteria 

For the manuscript to be self-contained, we briefly explain that some of the commonly 
used criteria in the literature, will be used by us for investigating the non-classicality 
exhibition of the states. Along this purpose, we refer to the sub-Poissonian statistics, 
antibunching phenomenon, quadrature squeezing and amplitude squared squeezing, neg- 
ativity of Wigner function on phase space and finally negativity of A 3 parameter. A 
common feature of all of the above criteria is that the corresponding Glauber Sudarshan 
P-function of a non-classical state is not positive definite. But, as a well-known fact, we 
would like to imply that finding this function is ordinarily a hard task. Altogether, each 
of the above effects, which will be considered in the paper, is indeed sufficient for a state 
to belong to non-classical states. It should be mentioned that, the necessary and sufficient 
criteria for the non-classicality of a state is the subject of recent researches [2"4"] . 
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Quadrature squeezing 

Based on the dimensionless definitions of position and momentum operators, respec- 
tively as x = (a + at)/y2 and p = (a — aft)/V2i, the corresponding uncertainties 
will be defined as (Aa;) 2 = (x 2 ) — (a;) 2 and (Ap) 2 = (p 2 ) — (p) 2 . A state is squeezed 
in x (p) quadrature, if S x = (Ax) 2 - 0.5 < (S p = (Ap) 2 - 0.5 < 0). 



Amplitude squared squeezing 

In order to investigate amplitude-squared squeezing, the following two Hermitian 
operators have been introduced [15] 

2 , +2 2+2 

In fact X and Y are the operators corresponding to the real and imaginary parts of 
the square of the complex amplitude of the electromagnetic field. The measurement 
of this effect through the interaction with a Kerr medium has been proposed in [TBj . 
Also, this property can be characterized by the methods proposed in [2"3] . 

In the light of the Heisenberg uncertainty relation, the following amplitude-squared 
squeezing parameters may be defined, 

I X = ((AX) 2 )-i|([X,F])| 

= ^ ((a 4 ) + (a f4 ) + (a f V) + (aV 2 ) - (a 2 f - (a f V 



2 (a 2 ) (at 2 )) - ( fl ta) - i 



and 



((Ay) 2 )-i|([x,y]}| 

= 7 ( - (« 4 ) - (« t4 ) + (« t2 « 2 ) + (« 2 « t2 ) + (« 2 ) 2 + (« t2 ) 2 

- 2 (a 2 ) (at 2 )) - ( a ta> - \. (9) 

Therefore, negativity of Ix (Iy) indicates the amplitude squared squeezing in X 
(Y) operators. 

Sub-Poissonian statistics 

To examine the statistics of the states, Mandel's Q-parameter is often used, which 
is defined as HH CE] 

Q = K ' W - 1. 10 

(n) 

This quantity vanishes for "coherent %/it"(Poissonian), is positive for "classical" 
or "chaotic light "(supper- Poissonian), and negative for "non- classical" light(sub- 
Poissonian) . 
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Second order correlation function 

Even though there are quantum states in which supper-/sub-Poissonian statistical 
behavior is together with bunching/ant ibunching effect, but this statement is not 
absolutely right. To investigate bunching or antibunching behavior, second order 
correlation function, is a useful quantity, defined as 



9 2 (0) = (11) 
(a T a) z 

Depending on the particular nonlinearity function f(n), has been chosen for the 
construction of nonlinear coherent states, g 2 {0) > 1 and g 2 (0) < 1, respectively 
indicate bunching and antibunching effect. The case g 2 {0) = 1 corresponds to the 
canonical coherent states. Note that, while for the Fock states with n > 2 one has 
1 > g 2 (0) = 1 — i > 0.5, zero value of this quantity is specified to the states |0), |1) 
[25J. This is due to the fact that indeed, for these two special number states the 
concept of antibunching and bunching seems to possess less meaning. So, upon the 
realization of the "vacuum" |0) as a "coherent state" \z) with z = (expanding the 
superposed states in ([2]) and then setting z = in it), one may consider two different 
values of the second order correlation functions for canonical coherent states, i.e., 
zero for z — 0, and 1 for / z £ C (recall that, the behavior of these two states, 
i.e., vacuum and coherent states, are also exactly the same, when the variances in 
x and p are considered) . 

Wigner distribution function 

As another indicator of non-classicality, one may refer to the negativity of Wigner 
distribution function [2D] . The Wigner function corresponding to any nonlinear 
coherent states obtained as follows [26j : 

^ OO OO Tfl { 

where Nf{\z\ 2 ) is defined in (TTTj) . Obviously, we will set z = x + ip in the above 
relation in our next calculations. This function is positive in all space for canonical 
coherent states (f(n) = 1). The negativity of this distribution function, which is a 
consequence of the selected nonlinearity function, can not be interpreted classically 
and indicates that the state has no classical counterpart. 

A 3 parameter 

As another measure for testing the non-classicality of any quantum state, Agarwal 
and Tara have introduced A3 parameter [21]. Interestingly, the motivation of the 
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authors was searching a new criterion for non-classicality of quantum states which 
does not show neither sub-Poissonian nor squeezing effects. They defined 

detm® 

3 = det^-detm^) ( } 

where 

(1 mi vri2 \ 
mi m 2 m 3 , (14) 
m 2 m 3 m 4 / 

rrin = (a) n a n ) and fj,^ can be obtained by replacing m n with yU„ = (a)a) n . Note 
that, specifically det(m^ 3 - ) ) = for canonical coherent states and the vacuum. The 
lower bound of the normalized parameter A 3 is —1. So, it gets zero and —1 val- 
ues, respectively for canonical coherent states and number states. Physically, the 
negativity of this parameter, known as a signature of the non-classicality of a state, 
comes out from phase-insensitive exhibition of the field state. 

3 Introducing a new class of nonlinear coherent states 

The /—deformed ladder operators have been defined as [H] 

A = af(n), tf = f{n)a\ (15) 

where n = a^a and f(n) is an "intensity dependent" function. Any class of nonlinear 
coherent state, characterizes by a function f(n), is defined as the solution of the typical 
eigenvalue equation A\z, f) = z\z,f). Their decomposition in the number states basis 
read as 

oo n 

M) = mz?r %vwm^ (16) 

where [/(n)]! = f(n)f(n — 1) . . . /(2)/(l) for n > and by convention [/(0)]! = 1. The 
normalization constant A//(|-2| 2 ) in (fT6l) can be readily calculated as 

M ' W)= ^ wmm - (17) 

Choosing different /(n)'s lead to distinct classes of nonlinear coherent states. Note that, 
we have assumed that the function /(n) appeared in the relations (iT5l) - (fT7j) to be generally 
a complex operator- valued function (for instance see [131 [26]). Anyway, these states are 
required to satisfy the resolution of the identity as 

„ oo 

/ d 2 z\z,f)W(\z\ 2 )(z,f\ = 5>)R (18) 

Jd n=0 
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where d 2 z = dxdy. The nonorthogonality of a nonlinear coherent state, together with the 
the resolution of the identity requirement is known as the over-completeness relation [27] . 
The weight function V^d^l 2 ) in (fl8|) is a positive definite function may be found after 
specifying f(n), and D is the domain of the states in the complex plane determined by 
the disk 

D = {zeC, \z\ 2 < lim n\f(n)\ 2 }, (19) 

centered at the origin. 



3.1 (3- nonlinear coherent states associated to fp(n) = exp(/3n) 

Along the aim of the paper, we now consider the nonlinearity function as in §5$). It can 
be easily checked that, the following non-canonical commutation relation holds: 

[Ap, 4] = {n + l)e ( " +lh - ne n \ (20) 

where Ap,Ap are respectively obtained from (j5J), (|15l) . and on the right hand side we 
have set 7 = 29ft (/3). Also, according to the nonlinear coherent states approach [9], the 
dynamics of the system is governed by the Hamiltonian Hp(n), with the following action 
on the Fock space 

H fi (n)\n) = -[(n + l)e (n+1)7 + ne nj }\n). (21) 

Therefore, noticing that 

n 

[f (n)]\ = Y[ e Pm = e? n{n+1)l \ (22) 

m=0 

and upon using (IT61) . one readily obtains the explicit decomposition of the /3-states as 
follows 

, ~ z n -l3n(n+l)/2 

\*, f,) = m*?r* E — n — (23) 

where the normalization factor is determined by 

00 I |2n -7?i(n+l)/2 

^(M a ) = E i ^ Lj -i — ' ( 24 ) 

' n! 

n=0 

and as a general case z,/3 € C Let us be more careful about the values of {3 and discuss 
the special cases which follow. 

• The first case is 6 C. From (1191) it follows that D = lim^oo ne 7 ". Therefore, the 
associated states are defined on the whole of the complex plane if 7 = 23ft(/3) > 0, 
independent of the imaginary part of /3, otherwise the domain is and there is no 
well-defined states. The condition 3ft(/3) > clearly illustrates why the so-called 
dual family of these states can not be defined in the Hilbert space 
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Secondly, we restrict to purely imaginary values. Replacing f3 with i/3 in fl5]) and 
limiting /3 to real values, one obtains f.„ (n) = e ll3n and since the domain is given by 
D = limn n _ 5 . 00 n, one gets z G C, similar to the canonical coherent state. For this 
special case, the nonlinearity function does not deform the canonical commutation 
relation, i.e., [A^A^] = I = [a, at]. The explicit expansion of the corresponding 
nonlinear coherent states then read as 

00 „n„-i/3n(n+l)/2 

k,/,) = e- |2|2/2 E 1 ^T l»>- (25) 



71=0 



Hence, the photon-distribution of the obtained non-coherent states is exactly Poisso- 
nian, i.e., P{n) = \(n\z, fp)\ 2 = exp(— |2 2 |)|2;| 2n /n!. From the group theoretical point 
of view, it can be easily observed that in this case the elements {Ap, At, ApAp, 1} 
constitute the generators of the Weyl-Heisenberg Lie algebra with closed commu- 
tation relations: [Ap, Ap] = I, [Ap, ApAp] = Ap, [Ap, ApAp] = -A\ . So, the 
/-deformed states in ( |25l) can be re-obtained through the action of the displace- 
ment operator D(z) = exp(zAp — z* Ap) on the vacuum states |0). Recall that the 
nonlinear coherent states are not generally of the displacement type states in exact 
form [28|,|29]. Moreover, these states can be named as "pseudo-canonical coherent 
states" due to the above facts. Clearly, they are not of the Gazeau-Klauder type 
[30J, especially due to the lack of the factor 2~ n (n + 1)! under the radical sign in the 
denominator of (|25|) . 

3.2 Production of the introduced states 

Now, a brief view on the physical realization of a special case of the introduced /3-states 
will be offered. Keeping in mind that, f(n)\m) = f(a)a)\m) = f(m)\m) (with n = a^a as 
the number operator), the /3-states in (1231) can be rearranged via 

\z,f,) = A^(|^| 2 )^e-^" +1 )/ 2 ^4=|m) 

= Mp{\z\ 2 )-^e\ z \ 2 ' 2+ PI*e-P H2 l 2 \z) ccs , 0eC, (26) 



where H is the Hamiltonian of the harmonic oscillator defined in ([3]). We now try to 
present a more realistic scheme to generate the states (|25[) . Following the same procedure 
led to (|26|) . the states in (125!) can be rewritten as 



00 

z 



\z,f,) = e~^/ 2 e-^ n2+n ^ 2 

= e-^ n2+n ^ 2 \z) ccs , 0eR. (27) 



Before we proceed, we should further emphasize on the fact that, the exponential functions 
of n, before sigma signs in the latter two relations, have the operational role (this situation 
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is not more than the appearance of n in (15), (20)-(22) and in the next sections of the 
paper, which n has the "number operator" role, even though we have not used the notation 
n). Anyway, apart from the coefficients, with the help of the derived result in (157)1 . the 
^-states introduced in ( 1251) can be interpreted as the dynamical evolution of the standard 
coherent states (j2J) traversing through nonlinear Kerr-like media, if the nonlinearity is 
considered to be x{ n ) = n 2 + n. In other words, they can be generated by the action 
of time evolution operator U(t) = exp (—iHt/H) on the canonical coherent states, if 
parameter is replaced by 2t (after setting h = 1 = u> ). This is actually the case that has 
been previously discussed in [HHE2], leading to an interesting macroscopic superposition 
of distinguishable states. 



3.3 The resolution of the identity of the ^-states 

In order to verify the resolution of the identity of the introduced /3-states, which establishes 
the over-completeness of the states, we first insert fl23|) in ffl8l) with \z\ 2 = x. Consequently, 
it can be easily seen that this property holds, if the following moment problem is satisfied 

POO 

7T / dxa{x,j)x n = n!e 7n(n+1)/2 , n = 0, 1, 2, ■ ■ • , (28) 



where a(x,j) = ]j ?1 ■ In fact, only a relatively small number of /(n)'s are known for 
which the explicit form of cr-functions can be extracted. Particularly, for purely imaginary 
value of (3, i.e., 7 = 0, equation (128]) has the simple solution W(x) — 1/ir. Moreover, since 
in the continuation of the paper we restrict ourselves to real 0, to establish the resolution 
of the identity for /3 e R we first put 

(3 = lnq, l<q<oo. (29) 

The exponential nonlinearity function introduced in fl5]) takes then the simple form / (n) = 
q n . Therefore, the /3-states obtained in (12^|) can be expressed in terms of g-parameter 
rather than f3 as follows 



n=0 



\z,q)=m^J2^ n(n+1)/2 \ n ^ ( 30 ) 
with the normalization factor 

-^(kl 2 ) = E^r^ n(n+1) - ( 31 ) 



n=0 



Now, following the approach of Penson and Solomon in [33], we can define a "generalized 
exponential function" e q (z) given by the differential equation 

^ = q- 2 e q (q- 2 z), (32) 
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where the series solution read as 

e *(*) = E^~ B(n+1) - ( 33 ) 



oo r 
Z 



nl 

n=0 



The case q — 1 recovers the ordinary exponential function. Therefore, it is possible 
to reformulate the normalized states in (1301) . using the above generalized exponential 
formalism 

\z,q) = e q (\z\ 2 )-h ql/2 (za^\0) . (34) 
Also, the moment integral in (1281) can now be expressed in terms of g-parameter as 



7T 



/■oo 

/ dxa(x,q)x n = n\q 2n{n+l) . (35) 
Jo 



Based on the general theory of the Stieltjes power moment problem, a condition for 
solvability of equation (1351) is the positivity of the two series {h^} and {h^} known as 
Hankel-Hadamard matrices, defined by [31] 



t& n) (i,j) = (i + j-2)\q-W-*>W- 1 \ (36) 
h^\i,j) = (i + j-iy.q-Hi+i-W+j), n,z,j = l,2,3,--- . 

It turns out that, indeed all the left-upper corner determinants of Hankel-Hadamard 
matrices are positive. So, the above discussion confirms us that a solution of equation 
( 1351) exists and therefore the resolution of the identity can be in fact satisfied. 

Altogether, we are now in a position to find the resolution of the identity in a more 
explicit fashion, using Sixdeniers et al work in [35]. Based on their obtained results, the 
Stieltjes moment problem associated to the Mittag-Leflier generalized coherent states has 
the form 

T(mn + 1) 

q r< 

where n = 0, 1, 2, • • • and m = 1, 2, 3, • • • . After some lengthy procedure, they have finally 
deduced the following solution to the problem 



dxW{x;m,q)x"= V^/ , (37) 



W(x;m,q) = [°° duu^e^ exp I I , (;>>, 

2mV^5x Jo \ 45 ' 



in which 5 = mlng -1 and < q < 1. Fortunately, the equation ( 1371) provides a good 
opportunity for us to solve the moment problem in ( )35|) and find a(x, q), straightforwardly. 
Indeed, this will be possible, provided that one sets m = 1 with change of variables in the 
two following steps: firstly putting x = q 2 y and then change q by q~ 2 in (|37|) . At last, 
after some manipulations one gets the following result 



dy 



Q 4 



-2\ H 



w.q 



\q 2 < n+1 ). (39) 
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with the solution 



a 4 f 00 / (ln(^)) 2 \ 

^^ii * e ^(- L V L )- (40) 

where <5 = lng 2 > 0. So, the integral solution of ( 139|) for cr and therefore the principle 
solution of the moment problem in (1351) has been deduced. This conclusion has been 
illustrated in figure (1) for some arbitrary values of q. It is worth also noticing that the 
other two principle requirements of the generalized coherent states \z,q) or equivalently 
\z, fp), i.e., the continuity in the label z and the nonorthogonality of the states are so 
clear that need not to be investigated here. 



3.4 Numerical results for non-classicality features of /^-states 

We are now ready to present our numerical results taking into account the /3-states in (I23l) . 
which will demonstrate the aim of our contribution. In figures 2 and 3 we have plotted 
S x and S p , respectively as a function of (3 G M for different fixed values of z G K, and the 
same parameters as a function of z G K for different fixed values of (3 G R, utilizing the 
^-states. It is seen that, squeezing occurs in x quadrature only up to (3 ~ 5.5, for the 
selected values of z have been used in numerical calculations. But, increasing z causes 
an increase in (3, for which quadrature squeezing disappear. Figures 4 and 5 deal with 
the amplitude squared squeezing against (3, for some fixed values of z, and the same 
parameter against z for different fixed values of (3, respectively. As it may be observed, 
the amplitude squared squeezing occurs in X, and both of Ix, Iy will be vanished for 
(3 > 2. In figures 6 and 7, the Mandel's Q-parameter has been shown as a function of 
(3 for various fixed z, and against z for various values of (3, respectively. Sub-Poissonian 
statistics is observed from figure 6, in finite intervals of (3 for fixed values of z. Also, from 
figure 7 this non-classicality sign is seen for all z considered, when some particular values 
of (3 have been used. With increasing z, the negativity of Q-parameter and the range of 
it will become deeper and wider. But, this phenomena will be disappeared for (3 > 7.5 
in the range of z that was used in obtaining figure 7. Consequently, for (3 > 7.5 the 
Mandel's Q-parameter tends to zero, indicating the canonical coherent state behavior for 
the considered values of z. Figure 8 shows the second order correlation factor for /3-states. 
In all of the graphs displayed in Fig. 8, which have been plotted for different fixed values 
of z, the values of g 2 (0) begin from 1 at (3 — (f(n) = 1), as it may be expected. But, 
with increasing /3, this quantity becomes less than 1 (showing antibunching effect) and 
finally decrease to zero, irrespective of the value of z. So, clearly there exists finite values 
of f3, for which this function vanishes. To explain the obtained results along the aim of 
the present paper, recall that for the vacuum, one has g 2 (0) = 0. Therefore, according to 
the results displayed in Fig. 8 for which g 2 (0) vanishes for (3 > 3, one may conclude that 
at this range of (3, the /3-states behave like vacuum (as a coherent state with z — 0). We 
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also continue our investigation on the non-classicality of /3-states by studying the Wigner 
distribution function presented in Fig. 9. We have used z = 200 in all cases, but in figures 
9-a, 9-b, 9-c we have respectively set (3 = 2,4,7.5. From the figures it is obviously seen 
that, with increasing (3, the regions and depth of the negativity of Wigner function on 
the phase space will be decreased. When the threshold value of j3 ~ 7.5 is chosen, this 
non-classicality feature disappears. Our calculation on A 3 parameter has been shown in 
figure 10. From the plotted graphs it is clear that, all of them which have been plotted 
for the different values of z, begin from zero, become negative and finally tend to zero 
(the specific value of A 3 parameter for canonical coherent states). So, by this criteria, 
non-classicality sign is visible for all cases represented in the figures, up to a particular 
value of (3. But, it is found that increasing (3 from ~ 2.5, vanishes this quantity for all 
chosen values of z, i.e., this criteria is not as strong as some of the previously outlined 
ones to test the non-classicality of this set of states. It must be noted that in plotting 
figures 9 and 10, we have used z = 200, to show that how the non-classicality features 
behave at this value. Obviously, decreasing the value of z down to ~ 15, which has been 
used in the previous figures, decreases the threshold value of (3 for these two criteria. For 
instance, the negativity of Wigner function will be lost at f3 ~ 3, when z = 15 is used. 

Adding the above results, have been represented in figures 2-10, related to ^-states, 
showing that, generally an increase in /3 from zero (canonical-like coherent state's behav- 
ior), firstly followed by a sudden increase in the degree of non-classicality, but all of the 
signs will be disappeared gradually, for the threshold (or greater) values of j3 and chosen 
values of z. 

Altogether, keeping in mind the obtained results, we are not yet at a point to conclude 
the goal of the paper, due to the sensitive dependence of the studied effects on both z and 
(3, simultaneously. Nevertheless, our further computational evaluations (with precession 
±0.01) show that: (i) for each /3 there exists a disk with finite radius \Z\ around the origin 
of complex plane, such that all of the non-classical features will be vanished (one may 
call \Z\ as the "radius of coherence"), (ii) with smoothly increasing j3, the value of \Z\ 
will be considerably increased. As some specific examples, while the radius of coherence 
is \Z\ = 15 for f3 = 5, this becomes \Z\ = 200 for (3 = 7.5, \Z\ = 5 x 10 7 for f3 = 20, 
and \Z\ = 10 12 for /3 = 30. So, a low increase in /3, unexpectedly makes the radius of 
coherence \Z\ wider and wider. Consequently, it is not far from the fact, if one concludes 
that there exists a special set of ^-states with intermediate finite values of j3, which are 
"canonical-like coherent states" in a relatively wide ranges of z defined by \Z\. It may 
be clear that, the radius of coherence can be enlarged arbitrarily, using the value of (3, 
properly. Therefore, there exists some ^-states, so that their behavior become very similar 
to "the most classical quantum states" in approximately the whole of the space, i.e., as 
the case of canonical coherent states. 
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4 Another class of nonlinear coherent states with 



least nonclassical properties 

Now, we motivate to search for a nonlinearity function whose corresponding coherent 
states are limited to the unit disk centered at the origin, showing "the most classical 
features" and so "the least nonclassical properties" , in the whole range of \z\ < 1. If there 
exists such a function, the associated coherent states will be apparently different from the 
previously introduced case in (1251) . 

4.1 A-nonlinear coherent states associated to f x (n) = exp(A/n)/ v / n 

Specifically, as we will observe, the demand outlined in this section will be achieved by 
considering the A-dependent nonlinearity function, suggested by us in (Q. A few words 
seems to be necessary in relation to the introduced function. At first glance, it may 
be seemed that for the special case of n = 0, the A- nonlinearity in ([6]) is ill-defined. 
But, keeping in mind the explanations which we presented after equation ( TT6|) based 
on the general formalism of nonlinear coherent states method and recalling some of the 
previous well-known nonlinearity functions such as harmonious states with f(n) = 
introduced by Sudarshan [22] and g-deformed coherent states which are well established 
nonlinear coherent states with f q {n) introduced in (@J, can solve the ambiguity. Indeed, 
generally in the "nonlinear coherent states method" we deal with [/(0)]!, not f(0) itself 
(see the expansion ffT6l) ). which conventionally assumed to be 1 155] . Anyway, the 
actions of A-deformed ladder operators (obtained from ([6]) and ( fl~5l) ) on the number states 
may be expressed as 

A\\n) = exp [A/(n + l)]|n + 1), n > 0, 

A x \n) = exp (X/n)\n - 1), n > 1, (41) 

and by definition Aa|0) = 0. Also, they obey the following commutation relation with the 
action 

[A x , A\]\n) = (exp(2A/(n + 1)) - exp(2A/n)) \n), n + 0, (42) 

while for n = one has [Ax, At^] |0) = exp(2A)|0). The dynamics of the system, is governed 
by the Hamiltonian whose action may be expressed as [9] 

H\(n)\n) = -[exp(2A/(n + l))+exp(2A/n)]|n), n^O 

Hx(n)\0) = i[exp(2A)]|0), n = 0. (43) 

To this end, the nonlinear coherent states for the introduced A-nonlinearity read as 

kA)=A^(|,| 2 )-ET^jrl-)' ( 44 ) 

n=0 [ J ' 
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where the normalization factor is determined by 



oo 



2n 



z 



(45) 



n=0 



([ e A/n]|)2- 



Note that, using the A nonlinearity of ([6]) in f|T9|) makes it clear that the states in (jUJ) 
can be defined only in \z\ < 1. Obviously, the A-states are different from the previously 
introduced /3-states in ( 1231 . 

4.2 Numerical results for non-classicality features of A-states 

Our results, utilizing the A-states in (jSJ), will be presented in this subsection. We confine 
ourselves to real and positive values of A to achieve the purpose of paper. In figures 11 and 
12, the squeezing parameters, respectively in x and p, have been plotted as a function of 
A, for different fixed values of z, and as a function of z for various fixed values of A. As it is 
observed, quadrature squeezing occurs in p for all values of z, only when particular finite 
values of A have been used. In figures 13 and 14 we have displayed the amplitude squared 
squeezing against A for some choices of z, and as a function of A for some fixed values of 
z, respectively. As it is seen, the amplitude squared squeezing in Y has been occurred for 
some used values of A. A common feature of the figures 11-14 is that, the squeezing (first 
and second orders) completely disappears for intermediate A, say A > 5.25. Following the 
purpose of the paper, we have plotted Mandel's Q-parameter, respectively in figures 15 
and 16 against A, for different values of z, and against z for different values of A. From 
the figures it is obvious that, the photon statistics is super- Poissonian and increasing A 
tends the graphs to the horizontal line at Q = for A > 5.25. Figure 17 shows the 
second order correlation function for A-states. From the figure it is observed that, this 
function begins from 2, and becomes greater and greater as z increases (bunching effect 
is visible). Therefore, these states do not possess this non-classicality sign at all (they 
have bunching behavior). For further investigation of the non-classicality of A-states, the 
variation of Wigner distribution function on phase space has been employed. The results 
are displayed in figure 18. In our calculations we have used z = 0.95 in all cases, but 
in 18-a, 18-b, 18-c we have respectively set A = (harmonious states [22]), 0.5,2. From 
the plotted graphs it is clear that increasing A from zero, decreases the regions of the 
negativity of the Wigner function on the phase space. This non-classicality signature also 
disappears, even at value of (3 less than those we have indicated for previously considered 
criteria. Finally, our calculation on A3 parameter has been shown in figure 19. From 
the figure it is observed that, in all cases, the A3 parameter begins from a positive value, 
gradually grow up with increasing A, gets some peaks and gradually reduces to zero, i.e., 
the specific value of A3 parameter for canonical coherent states. So, generally the A-states 
may not possess this non-classicality sign, at all. While, for A > 3.5, A3 parameter does 
not recognize between A-states and canonical coherent states. 
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Consequently, adding the numerical results in figures 11-19, the purpose of the paper, 
is achieved. In fact, the behavior of the introduced A-states in (Pill) are very similar to 
the canonical coherent states, for some relatively small values of A ~ 5.25 and certainly 
greater than this threshold value. It is remarkable that, since the A-states are defined only 
on \z\ < 1, one can be sure that, there is no possibility for either of the non-classicality 
signs, to arise, again, when the threshold value of A has been chosen, properly. 

5 Summary and conclusion 

In summary, we have first introduced a set of /^-deformed coherent states with the special 
nonlinearity function fp(n) = exp(/3n). Generation a special case of the /3-states through 
some simple nonlinear Kerr-like media is then illustrated. It is shown that generally these 
states possess some of the routine non-classical properties such as first and second order 
squeezing, sub-Poissonian statistics, antibunching, negativity of both Wigner function 
and A3 parameter. Indeed, increasing the value of /3 6 R from zero causes suddenly 
increase in the degree of non-classicality, but it gradually tends to zero, i.e., all of the 
considered non-classicality signs will be disappeared for a threshold value of (or greater 
than) p. Strictly speaking, for each specific choice of {3, there exists certain interval of \Z\ 
around the origin of space (has been called by us as the radius of coherence) for which 
/3-states behaves like canonical coherent states. But, fortunately this interval can be 
arbitrarily enlarged using the value of 0, properly. Thus, in this sense, while the explicit 
representation of /3-deformed states and canonical coherent states in the Fock space are 
apparently different, they are not distinguishable from the point of view of "non-classical" 
behavior. Along the goal of the paper, we motivated to search for another nonlinearity 
function which the corresponding coherent states show "the most classical features" in 
exactly whole of the relevant space. We observed that these states also may exist with 
f x (n) = ^=-, whose the associated coherent states are limited to \z\ < 1. In fact, there 
exists certain values of A > 5.25, for which all of the non-classicality features will be 
disappeared in the whole range of \z\ < 1. 

It should be noticed that, the threshold values of f3 or A, for each of the non-classicality 
criteria, in the corresponding states are not exactly the same. Moreover, the point is that 
there is proper finite values of them for which all of the considered non-classicality signs 
failed to be observed. Therefore, we were successful in finding two sets of nonlinear 
coherent states, whose behavior are totally, very similar to canonical coherent states. A 
deep insight in the details of our formalism and the represented graphs, may lead one to 
conclude that in working with the two classes of introduced states, using their threshold 
(or larger) values of corresponding /3 and A, the ground (vacuum) state has dominant 
contribution in the superposed states, relative to other number states. Altogether, all of 
the number states are clearly present in each state. 

Summing up, we conclude the paper with the following results; (i) It is not far from the 



16 



fact, if the introduced (5- and A-states are also known as quantum states with nearly the 
most classical aspects, (ii) "Nonlinear coherent states" do not necessarily possess "non- 
classicality features" . (iii) While the nonlinearity causes non-classicality of states, one may 
not always yield an increase in the non-classicality features with growing the strength of 
what is called the nonlinearity function, (iv) An analysis of our results represented in 
the numerous figures shows that, quadrature squeezing and Mandel parameter, at least, 
among the collection of non-classicality criteria and associated with the two classes of 
states have been considered by us, seems to be more sensitive for examining the non- 
classicality behavior, since they lead to some greater upper bounds of z to exhibit non- 
classicality. At the same time, A 3 parameter behaves as the weakest criteria. 

Nevertheless, it is worth to mention that, unlike the canonical coherent states, neither 
of the introduced nonlinear coherent states possesses the temporal stability property. But, 
this does not have any effect on our discussion on the non-classicality of states. At last, 
we end the summary with pointing the important advantage of the two introduced sets 
of "nonlinear coherent states" as compared with "canonical coherent states" in compu- 
tational manipulations. For computing the non-classical effects of the states have been 
discussed in the present paper, the involved series are converged more rapidly and so 
the results are very certain. This is while, for the same calculations regarding canonical 
coherent states, it is necessary to take into account a lot of extra terms in the involved 
series, to make certainty about the convergence and to obtain exact results. 
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FIGURE CAPTIONS 



FIG. 1 The graph of weight function a(x; 1, q 2 ) in (31) as a function of x, for different 
values of q. Continuous line is plotted for q = 2, dotted for q = 5 and dot-dashed for 
q = 10. 

FIG. 2 The graph of squeezing parameters in x and p against G R, for different 
values of z, utilizing the /3-states were introduced in (j23|) . Dotted lines are plotted for 
z = 1, dot-dashed for z = 2.5, tiny dashing for z = 5, large dashing for z = 10 and 
continuous lines for z — 15 (curves with negative values correspond to 

FIG. 3 The same as figure 2 except that it is plotted against z G R, for different fixed 
values of /3. Dotted lines are for (3 = 0.5, dot-dashed for (3 = 1, tiny dashing for (3 = 2.5, 
large dashing for (3 = 5 and continuous lines which coincides with the horizontal axis are 
for (3 = 7.5 (curves with negative values correspond to s x ). 

FIG. 4 The graph of amplitude squared squeezing effects in X and Y (I x , Iy) against 
G R, for different values of z, utilizing the /3-states were introduced in (f2"3"|) . Continuous 
lines are plotted for z = 2.5, dotted for z = 5, dot-dashed for z = 10 and dashed for 
z = 15. Amplitude squared squeezing may be occurred in the X component. 

FIG. 5 The same as figure 4 except that it is plotted against z G R, for different fixed 
values of (3. Continuous lines are for (3 = 0.25, dotted for (3 = 0.5, dot-dashed for (3 = 1.5 
and dashed line which coincides with the horizontal axis is for (3 = 2. Amplitude squared 
squeezing may be occurred in the X component. 

FIG. 6 The graphs of Mandel parameter as functions of (3 G R, for different values of 
z, are utilizing the /3-states in (1231) . Dotted line is for z = 1, dot-dashed for z = 2, tiny 
dashing for z = 5, large dashing for z = 10 and continuous line for z = 20. 

FIG. 7 The same as figure 6 except that it is plotted against z G R, for different values 
of (3. Dotted line is for (3 = 0.5, dot-dashed for (3 = 1, tiny dashing for (3 = 2.5, large 
dashing for (3 = 5 and continuous thick line for (3 = 7.5 (coincides with the horizontal 
axis) . 

FIG. 8 The graphs of second order correlation function against G R, for different 
values of z, utilizing the /3-states in (f2"3"|) . Dotted line is for z = 1, dot-dashed for z = 2, 
tiny dashing for z = 5, large dashing for z = 10 and continuous line for z = 20. 

FIG. 9 The graph of Wigner function on phase space for /3-states introduced in (|23[) . 
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We have used z = 200 in all cases, but in 9-a, 9-b, 9-c we have respectively set (3 = 2, 4, 7.5. 

FIG. 10 The graph of A 3 parameter for /3-states introduced in (T2"3"j) . Continuous line 
is for z — 5, dotted line for z = 10, dot-dashed line for z = 15, and large dashing line for 
z = 200. 

FIG. 11 The graph of squeezing parameters in x and p against A G R, for different 
values of z, utilizing the A-states were introduced in OH]). Dotted lines are plotted for 
z = 0.25, dot-dashed for z = 0.5, continuous line for z = 0.75 and large dashing for 
z = 0.9 (the negative graphs correspond to s p ). 

FIG. 12 The same as figure 11 except that it is plotted against z G R, for different 
fixed values of A. Dotted lines are for A = 0.5, dot-dashed for A = 1, tiny dashing for 
A = 2.5, large dashing for A = 5 and continuous lines which coincides with the horizontal 
axis are for A = 5.5 (the negative graphs correspond to s p ). 

FIG. 13 The graph of amplitude squared squeezing effects in X and Y (Ix, Iy) against 
z G R, for different values of A, utilizing the A-states were introduced in (144)) . Dotted 
lines are plotted for z = 0.25, dot-dashed for z = 0.5, tiny dashing for z = 0.75 and large 
dashing for z = 0.9 (the negative graphs correspond to iy). 

FIG. 14 The same as figure 13 except that it is plotted against zeK, for different 
fixed values of A. Continuous lines are for A = 0, dot-dashed for A = 1, tiny dashing for 
A = 2 and large dashing which coincides with the horizontal axis is for A = 4 (the negative 
graphs correspond to iy). 

FIG. 15 The graph of Mandel's Q-parameter as a function of A G R, for different fixed 
values of A, using the introduced A-states in (144"|) . Dotted line is for z = 0.25 (harmonious 
states), dot-dashed for z = 0.5, large dashing for z = 0.75 and continuous lines for z = 0.9. 

FIG. 16 The same as figure 15 except that it is plotted against z G R, for different 
values of A. Dotted line is for A = (harmonious states), dot-dashed for A = 1, tiny 
dashing for A = 2.5, large dashing for A = 5 and continuous lines for A = 5.5 (coincides 
with the horizontal axis). 

FIG. 17 The graph of second order correlation function against A G R, for different 
fixed values of z, using the introduced A-states in (T441 . Dotted line is for z = 0.25, 
dot-dashed for z = 0.5, tiny dashing for z = 0.75 and continuous lines for z = 0.95. 

FIG. 18 The graphs of Wigner function on phase space for A-states introduced in 
(|44p . We have used z=0.95 in all cases, but in 18-a, 18-b, 18-c we have respectively set 
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A = (harmonious states), 0.5,2. 

FIG. 19 The graph of A3 parameter against A G R, for A-states introduced in fj44l) . 
Dot-dashed line is for z = 0.5, dashing line is for z = 0.75, continuous line for z = 0.85, 
dotted line is for z = 0.95 and continues thick line for z = 0.99. 
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